Cosmological Perturbations in Brane World - Brane view v.s. Bulk view - by Soda, Jiro & Koyama, Kazuya
ar
X
iv
:h
ep
-th
/0
20
52
08
v2
  2
3 
M
ay
 2
00
2
Progress of Theoretical Physics Supplement 1
Cosmological Perturbations in Brane World
Brane view v.s. Bulk view
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First, we will study the cosmological perturbations from the brane point of view. It turns
out that two types of the extra data are necessary to know the evolution of the system. To
fix these data, the analysis of the bulk is needed. So, we have solved equations of motion for
the bulk gravity and determined the extra data. We would like to stress that, both analysis
take complementary roles to achieve this goal.
§1. Introduction
Recently, there has been much interest in the brane world scenario. 1) The action
for the (Z2 symmetric) brane world is given by
S =
1
2κ2
∫
d5x
√−g
(
R5 + 12
l2
)
− σ
∫
d4x
√−gbrane +
∫
d4x
√−gbraneLmatter
(1.1)
where l, κ2, σ are the curvature radius of the AdS spacetime, the gravitation constant
in the 5D spacetime, and the brane tension, respectively. Here we assume the relation
κ2σ = 6/l.
The importance of understanding the cosmological perturbations in the brane
world is widely recognized. 2), 3), 4), 5), 6), 7), 8), 9) Needless to say, the data on the brane
are not sufficient to determine the evolution of the system. The analysis of the
equations for the bulk fields is crucial. In sec.2, we will demonstrate this fact using
the example of the homogeneous cosmology. In sec.3, the junction condition for
the perturbed spacetime is presented. In sec.4, we will identify two types of the
extra data from the analysis on the brane. In sec.5, we will solve the 5-dimensional
problem using the transformation method. In the final section, the extra data are
fixed by making use of the both pictures complementarily.
§2. Brane World Cosmology
The background metric for the brane world cosmology is
ds2 = e2β(y,t)(dy2 − dt2) + e2α(y,t)δijdxidxj (2.1)
and then the induced metric on the brane becomes ds2 = −dt2+e2α0(t)δijdxidxj . The
energy momentum tensor of the matter is taken as TMN = diag(0,−ρ, p, p, p)δ(y). We
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will denote the power series expansion near the brane as α(y, t) = α0(t) +α1(t)|y|+
α2(t)
2 y
2 + · · ·. Then the junction conditions are obtained as
α1(t) = −1
l
− κ
2ρ(t)
6
, β1(t) = −1
l
+
κ2ρ(t)
3
+
κ2p(t)
2
, (2.2)
where we set eβ0(t) = 1.
2.1. the view from the brane
The effective Friedmann equation holds on the brane; 10), 11)
α˙20 =
8piG4
3
ρ+
κ4ρ2
36
+ e−4α0C0 , (2.3)
where 8piG4 = κ
2/l and C0 is the constant of the integration. We also have the
conservation law ρ˙ + 3α˙0(ρ + p) = 0. Hence, at low energies ρ/σ ∼ κ−2lρ ≪ 1, we
obtain the conventional equations when C0 = 0.
On the brane, we do not have any criterion to determine the extra data C0. To
determine it, we have to resort to the analysis of the bulk.
2.2. the view from the bulk
A natural boundary condition to specify the bulk geometry is to impose the zero
Weyl curvature, i.e. Anti-deSitter bulk. Starting with the AdS spacetime
ds2 =
(
l
z
)2 (
dz2 − dτ2 + δijdxidxj
)
(2.4)
and making the coordinate transformation: z = l (f(u)− g(v)) , τ = l (f(u) + g(v))
with u = (t− y)/l, v = (t+ y)/l, we have
e2β(y,t) = 4
f ′(u)g′(v)
(f(u)− g(v))2 , e
2α(y,t) =
1
(f(u)− g(v))2 . (2
.5)
Thus we have the scale factor of the brane as eα0(t) = (f(t/l)− g(t/l))−1. Using the
junction condition
α1 =
1
l
(
f(t/l)′ + g(t/l)′
f(t/l)− g(t/l)
)
= −1
l
− κ
2ρ
6
(2.6)
and the gauge condition
e2β0 = 4
f(t/l)′g(t/l)′
(f(t/l)− g(t/l))2 = 1 , (2
.7)
we obtain
α˙20 =
1
l2
(
f(t/l)′ − g(t/l)′
f(t/l)− g(t/l)
)2
= α21 − 1/l2 =
κ2
3l
ρ+
κ4ρ2
36
. (2.8)
Thus, by specifying the bulk as the Anti-de Sitter spacetime, the extra data C0 is
determined as zero.
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§3. Cosmological Perturbations: Junction conditions
Let us consider the perturbed 5D AdS spacetime in the Gaussian Normal coor-
dinate:
ds2 = e2β(y,t)
(
(1 + 2N)dy2 − (1 + 2Φ)dt2
)
+ e2α(y,t)
(
((1− 2Ψ)δij + 2E,ij) dxidxj + 2B,idxidt
)
. (3.1)
The Einstein equation δGMN = κ
2e−β(δTMN −NTMN ) and the 5D energy-momentum
tensor:
δTMN =

 0 0 00 −δρ −(ρ+ p)eα0v,i
0 (ρ+ p)e−α0v,i δp δij

 δ(y) (3.2)
gives the junction conditions (notice that the brane is located at y = 0)
Ψ1 = −α1N0 + 1
6
κ2δρ ,
Φ1 = β1N0 + κ
2
(
δρ
3
+
δp
2
)
,
B1 = −2(β1 − α1)e−α0v ,
E1 = 0 . (3.3)
Here we have also taken B0(y = 0, t, x
i) = E0(y = 0, t, x
i) = 0 gauge.
§4. Cosmological Perturbations: the view from the brane
With the perturbed metric on the brane
dsbrane = −(1 + 2Φ0)dt2 + e2α0(t)(1− 2Ψ0)δijdxidxj , (4.1)
the equations on the brane become
Ψ¨0 + 4α˙0Ψ˙0 + α˙0Φ˙0 + 2(α¨0 + 2α˙
2
0)Φ0 −
1
3
e−2α0(2∇2Ψ0 −∇2Φ0)
=
κ2
3
(
β1
2
δρ− 3α1
2
δp
)
, (4.2)
δ˙ρ = (ρ+ p)(3Ψ˙0 + e
−α0∇2v)− 3α˙0 (δρ+ δp) , (4.3)
((ρ+ p)eα0v)· = −3α˙0(ρ+ p)eα0v + δp + (ρ+ p)Φ0 . (4.4)
In the conventional 4D cosmology, in addition to these equations, we have the equa-
tion Φ0−Ψ0 = 0 for matter with no anisotropic stress and the Hamiltonian constraint
equation. The interesting point is that, even in the case of Ψ0 = Φ0, the corrections
to the matter perturbations can exist. In order to see this, we regard them as equa-
tions for δρ, δp and v. The solutions can be obtained by gradient expansion. They
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are divided into two parts; the homogeneous solution written by χ and the particular
solution.
The solutions are
− κ
2α1
2
δρ = −3(α˙0Ψ˙0 + α˙20Φ0) + e−2α0∇2Ψ0 +
κ2
2l
δρχ +O(∇4Ψ0) (4.5)
−κ
2α1
2
δp = Ψ¨0 +
(
3α˙0 − α˙0α¨0
α21
)
Ψ˙0 + α˙0Φ˙0 +
(
2α¨0 − α˙
2
0α¨0
α21
+ 3α˙20
)
Φ0
+
1
3
e−2α0∇2Φ0 − 1
3
(
1− α¨0
α21
)
e−2α0∇2Ψ0 + κ
2
2l
δpχ +O(∇4Ψ0) (4.6)
−κ
2α1
2
(ρ+ p)eα0v = Ψ˙0 + α˙0Φ0
+
1
3
α1e
−3α0
∫
dt′eα0α−11
(
∇2Φ0 −
(
1− α¨0
α21
)
∇2Ψ0
)
+
κ2
2l
(ρ+ p)eα0vχ +O(∇4Ψ0) . (4.7)
Homogeneous solutions δρχ, δpχ and vχ are given by
δρχ = e
−4α0χ(t, xi)
δpχ =
1
3
(
1 +
α¨0
α21
)
e−4α0χ(t, xi)
(ρ+ p)eα0∇2vχ = e−2α0 χ˙(t, xi) . (4.8)
Here, χ satisfies
χ¨+ α˙0
(
1− α¨0
α21
)
χ˙− 1
3
(
1 +
α¨0
α21
)
e−2α0∇2χ = 0 . (4.9)
At low energies, the equation for χ becomes
∂2χ
∂η2
− 1
3
∇2χ = 0 . (4.10)
At large scales and at low energies, δρχ is given by δρχ = Ce
−4α0 where χ = C =
const. Thus δρχ can be regarded as the perturbations of the energy density of the
dark radiation. Schematically, we have δρ = standard + Φ0 6= Ψ0 + δρχ . We can
not determine the corrections Φ0 6= Ψ0 and δρχ from the brane point of view. Hence,
the bulk analysis is necessary.
§5. Cosmological Perturbations: the view from the bulk
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5.1. Bulk Geometry in Poincare coordinate
The perturbed AdS spacetime in Poincare coordinate system is represented by
ds2 =
(
l
z
)2 (
dz2 − (1 + 2φ)dτ2 + 2b,idxidτ +
(
(1− 2Ψˆ)δij + 2Eˆ,ij
)
dxidxj
)
.
(5.1)
Using this coordinate system, the Einstein equation in the bulk becomes
∂2h
∂z2
− 3
z
∂h
∂z
− ∂
2h
∂τ2
+∇2h = 0 (5.2)
where h = φ, b, Ψˆ and Eˆ. Here we used the transverse traceless gauge conditions.
The solutions are given by
h =
(
z
l
)2 ∫ d3k
(2pi)3
∫
dm h(m,k)Z2(mz)e
−iωτ eikx , (h = φ, b, Ψˆ , Eˆ)(5.3)
and
φ(m,k) =
2k4
3m2
l2E(m,k)
b(m,k) = −4i
√
k
2 +m2 k2l2
3m2
E(m,k)
Ψˆ(m,k) = −k
2l2
3
E(m,k),
Eˆ(m,k) =
2k2 + 3m2
3m2
l2E(m,k) , (5.4)
where Z2 is the combination of the Hankel function of the first kind and the second
kind of the second rank Z2(mz) = H
(1)
2 (mz)+a(m)H
(2)
2 (mz) and ω
2 = m2+k2. Note
that the coefficients E(m,k) and a(m) completely determines the bulk geometry.
5.2. Bulk geometry in the cosmological coordinate
The perturbations in the cosmological coordinates can be obtained by performing
the coordinate transformation;
z = z(y, t) = l(f(u)− g(v)) = le−α(y,t) , τ = τ(y, t) = l(f(u) + g(v)) . (5.5)
The transformation rule is readily obtained as
∂τ
∂y
= lα˙e−α ,
∂z
∂y
= −lα′e−α , ∂τ
∂t
= lα′e−α ,
∂z
∂t
= −lα˙e−α (5.6)
After the coordinate transformation, the resulting metric becomes
ds2 = e2β(y,t)
(
(1 + 2Nˆ )dy2 − (1 + 2Φˆ)dt2 + 2Aˆ dt dy
)
(5.7)
+e2α(y,t)
((
(1− 2Ψˆ)δij + 2Eˆ,ij
)
dxidxj + 2Bˆ,idx
idt+ 2Gˆ,idx
idy
)
,
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where
Φˆ = (lα′)2e−2βφ
Bˆ = (lα′)e−αb
Nˆ = −(lα˙)2e−2βφ
Aˆ = −2(l2α˙α′)e−2βφ
Gˆ = (lα˙)e−αb . (5.8)
Note that Ψˆ , Eˆ does not change. Thus we have determined the bulk geometry com-
pletely. What remains is to impose the junction condition at the brane.
5.3. Cosmological perturbations via projection
By the gauge transformations, xM → xM + ξM , ξM = (ξy, ξt, ξ,i) with
ξt =
∫ y
0
dy(Aˆ+ ξ˙y) + Tˆ0 , ξ = −
∫ y
0
dy(Gˆ + e2(β−α)ξy)− Eˆ0 (5.9)
and Tˆ0 = e
2α0(Bˆ0 − ˙ˆE0), we can take the Gaussian normal coordinate, G = A = 0.
Note that the brane is located at y = 0 and we took B0 = 0, E0 = 0 gauge. Then we
obtain the metric perturbations on the brane as
Φ0 = Φˆ0 + β1ξ
y
0 +
˙ˆ
T 0 , Ψ0 = Ψˆ0 − α1ξy0 − α˙0Tˆ0 , N0 = Nˆ0 + ξy1 + β1ξy0 (5.10)
and the first derivative of the metric perturbations are
Φ1 = ξ¨
y
0 + β1ξ
y
1 + β2ξ
y
0 + Φˆ1 +
˙ˆ
A0 + β˙1Tˆ0 ,
Ψ1 = −α1ξy1 − α˙0ξ˙y0 − α2ξy0 + Ψˆ1 − α˙0Aˆ0 − α˙1Tˆ0 ,
N1 = ξ
y
2 + β1ξ
y
1 + β2ξ
y
0 + Nˆ1 + β˙1Tˆ0 ,
B1 = e
−2α0(−2ξ˙y0 + 2α˙0ξy0 − 2(β1 − α1)Tˆ0 − Aˆ0 + e2α0Bˆ1 − e2α0 ˙ˆG0) ,
E1 = Eˆ1 − e−2α0ξy0 − Gˆ0 .
And finally junction condition gives
κ2δρ = −6
(
α˙0ξ˙
y
0 + (α2 − α1β1)ξy0 − Ψˆ1 + α˙0Aˆ0 + α˙1Tˆ0 − α1Nˆ0
)
,
κ2δp = 2
(
ξ¨y0 + 2α˙0ξ˙
y
0 + (2α2 + β2 − β21 − 2α1β1)ξy0
+Φˆ1 − 2Ψˆ1 + ˙ˆA0 + 2α˙0Aˆ0 + (β˙1 + 2α˙1)Tˆ0 − (β1 + 2α1)Nˆ0
)
,
κ2(ρ+ p)eα0v = 2ξ˙y0 − 2α˙0ξy0 − e2α0Bˆ1 + 2(β1 − α1)Tˆ0 + e2α0 ˙ˆG0 + Aˆ0 ,
0 = −2e−2α0ξy0 + 2Eˆ1 − 2Gˆ0 . (5.11)
From the last equation, ξy0 is determined by E(m,k) and a(m). Thus, the quantities
on the brane are determined by the bulk geometry.
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5.4. Results
Substituting the explicit solutions (5.4) and (5.8) into eq. (5.11), we obtain
−κ
2α1
2
δρ(k) = −3(α˙0Ψ˙0 + α˙20Φ0)− e−2α0k2Ψ0
+
1
3
e−4α0
∫
dmE(m,k)k4l2Z0(mle
−α0)e−iωT (t) ,
−κ
2α1
2
δp(k) = Ψ¨0 +
(
3α˙0 − α˙0α¨0
α21
)
Ψ˙0 + α˙0Φ˙0 +
(
2α¨0 − α˙
2
0α¨0
α21
+ 3α˙20
)
Φ0
− 1
3
e−2α0k2Φ0 +
1
3
(
1− α¨0
α21
)
e−2α0k2Ψ0
+
1
9
(
1 +
α¨0
α21
)
e−4α0
∫
dmE(m,k)k4l2Z0(mle
−α0)e−iωT (t) ,
−κ
2α1
2
(ρ+ p)eα0v(k) = Ψ˙0 + α˙0Φ0
+
1
3
e−3α0
∫
dmE(m,k)
(
α1iωk
2l3Z0(mle
−α0)− α˙0mk2l3Z1(mle−α0)
)
e−iωT (t) ,(5.12)
where we denoted τ(0, t) = T (t). Using eq. (5.10), we can also obtain the metric
perturbations as
Ψ0(k) =
∫
dmE(m,k)
(
mle−α0Z1(mle
−α0) +
1
3
(kle−α0)2Z0(mle
−α0)
)
e−iωT (t) ,
Φ0(k) =
∫
dmE(m,k)
(
mle−α0Z1(mle
−α0)− 1
3
(k2 + 3m2)l2e−2α0Z0(mle
−α0)
)
e−iωT (t)
+(α˙0l)
2
∫
dmE(m,k)
(
mle−α0Z1(mle
−α0)− (k2 + 2m2)l2e−2α0Z0(mle−α0)
)
e−iωT (t)
−2α1α˙0l2
∫
dmE(m,k)(iωml2e−2α0)Z1(mle
−α0)e−iωT (t) . (5.13)
Now we are in a position to discuss the consequence of the bulk analysis.
§6. Conclusion
Let us consider the long wave-length perturbations: kle−α0 → 0 , kα˙−10 e−α0 ≪
1. In this case, the bulk solution combined with the information from the brane point
of view gives the useful results.
Now we shall start with the discussion of the δρχ. At low energies α˙0l ≪ 1, in
case that E(m,k) have a peak at 2k2+3m2 = 0, i.e. E(χ)(k) = E(mk =
√
2/3ki,k),
the metric perturbations become
Ψ0 = Φ0 =
1
2
E(χ)(k)(mkle
−α0)2Z2(mkle
−α0)e
1√
3
ikη
, (6.1)
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where we used T = −η at low energies and η is the conformal time. If we take
a(m) = a(χ)(m) = −H
(1)
2 (mkle
−α0)
H
(2)
2 (mkle
−α0)
, (6.2)
we get Φ0 = Ψ0 = 0. Then, the density perturbations δρ becomes
κ2
2l
δρ =
1
3
e−4α0k4l2E(χ)(k)Z
(χ)
0 (mkle
−α0)e
1√
3
ikη
, (6.3)
where Z
(χ)
0 = H
(1)
0 + a
(χ)(m)H
(2)
0 . Because these perturbations do not contribute to
the metric perturbations and δρ satisfies
δρ = e−4α0χ, χ′′ +
1
3
k
2χ = 0, (6.4)
they should be identified with δρχ. They diverge at the horizon of the AdS spacetime
as exp(
√
2/3kz) as z →∞. Thus if we impose the regularity on the perturbations in
the bulk, the corrections from χ should not exist on the brane, δρχ = δpχ = vχ = 0
Next, we will determine Φ0 − Ψ0. The metric perturbations are given by
Φ0 = (1 + (α˙0l)
2)Ψ0 − (1 + 2(α˙0l)2)
∫
dmE(1)(m)(mle−α0)2Z0(mle
−α0)e−imT
−2iα1α˙0l2
∫
dmE(1)(m)(mle−α0)2Z1(mle
−α0)e−imT . (6.5)
We will assume that only the modes with mle−α0 ≪ 1 can contribute to the per-
turbations in the bulk. Then using the asymptotic form of the Hankel function, we
obtain
Φ0 = (1 + (α˙0l)
2)Ψ0 . (6.6)
At low energies α˙0l ≪ 1, we have Ψ0 = Φ0. Then the metric perturbations are
obtained as
Φ0 = Ψ0 =
3(1 + w)
5 + 3w
ζ∗ ,
δρ
ρ
= −2Φ0 . (6.7)
At high energies, we have Φ0 = (α˙0l)
2Ψ0. then Φ0 ≫ Ψ0. we get
Φ0 = 3(1 + w)ζ∗ ,
δρ
ρ
= −Φ0 . (6.8)
We have attempted to impose a natural boundary condition, i.e. regularity at
the horizon. And we assumed that the massive modes can be neglected. Under these
conditions, we have successfully obtained the complete information to determine the
evolution of the cosmological perturbations on the brane. In doing that, both the
brane and bulk analysis have taken important roles.
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